We compute the leading order (in coupling) rate of emission of low energy quanta from a slightly nonextremal system of 1 and 5 D-branes. We also compute the classical cross-section, and hence the Hawking emission rate, for low energy scalar quanta for the black hole geometry that corresponds to these branes (at sufficiently strong coupling).
Introduction
Recently D-branes [1] have provided significant insights into the thermodynamics of black holes in string theory [2] . In particular, a configuration of 1-D branes and 5-D branes compactified on a suitable five dimensional compact space (which can be K3 × S 1 or T 5 )
represents a six dimensional black string, or a five dimensional black hole for distance scales larger than the size of the string. For such a configuration which is BPS saturated, it was shown that the degeneracy of states for a given mass and charges leads to an entropy which is exactly equal to the Beckenstein-Hawking entropy of the corresponding black hole length of a D-string is large, the weak coupling results remain accurate for long wavelength modes even at somewhat larger coupling.) The issues in this regard are not clear, and there is no clear reason to expect that non-BPS processes agree between D-brane calculations at low orders in coupling and semiclassical results based on the geometry produced by the branes at stronger coupling.
In this paper we carry out two calculations:
(a) In the first calculation we take the configuration discussed in [3] and [9] . We take the case with a single 5-brane wound on a T 5 , and a collection of D-strings (wound along one of the directions of the T 5 ), with net momentum along the D-string direction. We compute the rate of emission of low energy quanta from a slightly nonextremal state of this configuration. To compute the decay amplitude we use the Born-Infeld action for describing the long wavelength fluctuations of the D-string within the 5-D-brane.
(Note that as discussed in [8] and [15] the D-strings should behave as one long string rather than a collection of singly wound strings, and we adopt this model here.) From this action we derive the coupling of the oscillations of the string to the gravitons in the 10-dimensional spacetime. Because of the compactification on T 5 , we further decompose these gravitons into scalars, vectors and gravitons of the 5-dimensional non-compact spacetime . Because the D-string can only vibrate within the 5-brane, only 5-dimensional scalars will be emitted.
(b) In the second calculation we compute the probability that a low energy scalar is absorbed by an extremal black hole with geometry corresponding to the charges carried by the D-branes in calculation (a) above. Here we follow the method of [16] , which has also been used in the context of a slightly nonextremal 5-dimensional hole recently in [14] . It is found that the effective cross-section is the area of the horizon, just as was the case in the 3+1 dimensional case of [16] . At least in 3+1 dimensions the absorption cross section (and therefore the emission rate) of low energy particles of spin one and spin two vanish for low energies [17] . It is plausible that such is the case here as well, but we do not address that calculation in this paper.
We find that the absorption rate for scalars agree between the calculations (a) and (b). Photons and gravitons are not emitted at this order in the calculation (a); if the 3+1 dimensional calculation is an accurate guide to the 4+1 dimensional extremal case then there is agreement here as well.
General features of D-string amplitudes
In a companion paper [18] 
where F mn denotes the gauge field strength on the D-string worldsheet and G mn , B mn are the background metric and RR 2-form fields induced on the worldsheet
T D is the D-string tension. We will work in the static gauge which means
In this gauge the massless open string fields which denote the low energy excitations of the brane are the transverse coordinates
In the following we will set the gauge field and the RR field to be zero. The lowest order interaction between the metric fluctuations around flat space and the open string modes is obtained by expanding the metric as G µν = η µν + 2κh µν (X), expanding the transverse coordinates X i (ξ) around the brane position X i = 0 and treating h µν and X i to be small. Here κ is the ten dimensional gravitational coupling present in the bulk action
For purely transverse gravitons, i.e. only h ij = 0, the terms upto two open string fields is The decay of this state into the extremal state is given by the process of annihilaton of this pair into a closed string state, like a graviton. For a graviton represented byh ij with momentum (k 0 , k 1 , k) (where k denotes the momentum in the transverse direction), the leading term for this amplitude for low graviton energies can be read off from (2.7) as
When the outgoing graviton does not have any momentum along the string direction one
where we have used momentum conservation in the string direction and the masslessness of the modes. As shown in [20] a direct conformal field theory calculation of the decay rate agrees with the above answer for low energies and transverse polarizations.
The pair of colliding open strings is part of a one dimensional gas of open strings. To obtain the decay rate of the nonextremal state one has to compute the decay rate for this specific initial state and then average over initial states. The latter averaging is responsible for the thermal nature of the outgoing closed string.
D-brane thermodynamics
In this section we discuss the thermodynamics for massless open string states moving on the D-brane. We essentially have the statistical mechanics of massless particles on the brane. Typically we have a net momentum in one of the directions so actually we have an ensemble with given total energy E and total momentum P along say the X 1 direction. For large size of the D-brane we can approximate this by a canonical type ensemble characterized by an inverse momentum β and a chemical potential α as follows.
Let there be n r particles with energy e r and momentum in the X 1 direction p r . Define a partition function Z by
Then α, β are determined by requiring
The average number of particles n r in state (e r , p r ) is then given by
where as usual the plus sign is for fermions and the minus sign is for bosons. Finally the entropy S is given by the standard thermodynamic relation
For the case of a D-string with f species of bosons and f species of fermions the above quantities may be easily evaluated
Since we have massless particles in one spatial dimension, they can be either right moving, with e r = p r or left moving e r = −p r . The distribution functions then become
Thus the combinations T R = 1/(β +α) and T L = 1/(β −α) act as effective temperatures for the right and left moving modes respectively. In fact all the thermodynamic quantities can be split into a left and a right moving piece :
in an obvious notation. The various quantities E L , E R , P L , P R , S L , S R may be read off from (3.5). ¿From (3.5) we get
The extremal state corresponds to P L = E L = 0 so that E = P . Finally we note that
This relation will be crucial in physical properties of the decay rate which we now calculate.
Finally we note that the left right splitting is a feature of statistical mechanics of massless particles in one (spatial) dimension, which is relevant to the D-string as well as other examples of D-strings bound to 5D branes to be considered below. For higher dimensional branes, like the three brane, such simplifications may not apply, except for certain limiting values of the parameters. However the method of introducing a chemical potential for the total momentum can be used in this case as well, as we will discuss in a later communication.
The decay rate for D-string
The S-matrix element for the decay is given by
where V 9 denotes the nine dimensional spatial volume and L is the length of the D-string.
If R is the radius of compactification of the string direction, then for a multiply wound string one has L = 2πn w R. The total spatial volume V 9 = V 8 (2πR) where V 8 is the volume of the noncompact space. The decay rate for this pair to produce a graviton of zero momentum in the string direction and with a given polarization is then
where we have introduced the nine dimensional gravitational coupling κ
.
To obtain the total rate to produce a graviton with the given momentum we have to average over all initial states. This includes a sum over the momenta and polarizations of the open string states. When the open string momentum quantum numbers are large (but still much smaller than the net momentum quantum number) this means that we have to multiply by the relevant thermal distribution functions obtained in the previous section.
Denoting the distribution functions by ρ(p 0 , p 1 ) and ρ(q 0 , q 1 ) the total decay rate is
We will consider the emission of a graviton of a specified polarization, say ǫ 67 = 1 and the others zero. Let us first specialize to the case where the outgoing particle has k 1 = 0. We will evaluate the rate for low energies where we can use the expression for A D in the previous section. The integral over q 1 sets q 1 = −p 1 and one is left with
The integration can be done
where the factor 2 comes from the two values of p 1 where the delta function clicks and the factor of 1 2 comes from the Jacobian involved in performing the integration. Note that the two distributions which appear are the left and right distributions defined in (3.6).
Since the intial state is only slightly nonextremal, we have E L = E BP S + ∆E and E R = ∆E and ∆E << E BP S Then (3.7) implies that 
where we have used (3.8) . In this case of a multiply wound D-string we have f = 8. The final result is
where we have defined an effective temperature of the graviton spectrum to be
and have used the fact that S L ∼ S ext where S ext is the extremal entropy. It is important to note that the size of the compact direction has disappeared from this answer.
When the initial open string states are fermionic ρ L (p 0 ) becomes order unity in the near extremal case rather than the large quantity (4.6) for the bosonic case. Thus when the extremal entropy is large, these states do not contribute to Γ(k) in the leading order.
The crucial fact about (4.7) is that the answer comes out to be proportional to the extremal entropy. This is a consequence of the fact that we have essentially one dimensional thermodynamics where the temperature is proportional to the entropy. In the next section we will deal with brane configurations which correspond to nonzero extremal horizon area and where the extremal entropy agrees with the Hawking-Beckenstein formula and hence proportional to the horizon area. We then get a result proportional to the horizon area.
Decay Rate for 1-Brane 5-brane configurations
The results of the previous section may be used to calculate the decay process for situations where the configuration of branes produce a spacetime which has a large horizon in the extremal limit. In the following we will do so for the model similar to that considered in [9] . We will consider a configuration of one 5D-brane wrapped around a T 5 in the
) direction and single D-string wound Q 1 times around the X 5 direction. The radius of the X 5 direction is R which is taken to be large. When the T 4 in the (6 − 7 − 8 − 9) direction is small this represents a black string in six dimensions one of which is compact but large.
In this case, as argued in [11] 
which is large when Q 1 and N are of the same order and large. The extremal entropy is
where A H is the horizon area and G 5 is the five dimensional Newton constant.
The amplitude for the decay of an nonextremal hole is identical to that in section 4.
However since the low energy open string modes have polarizations λ i where i = 6 · · · 9 it follows from (2.8) that at lowest order the only gravitons which are produced have polarization in these directions. From the five dimensional point of view these are in fact scalars. In the following we will examine the decay rate for the production of a given polarization state, say the situation in which only ǫ 67 is nonzero.
The S-matrix element is identical to (4.1). However the decay rate Γ(p, q, k) for an outgoing closed string mode which has no momentum along the X 5 direction is a slight modification of (4.2)
V 4 denotes the volume of the spatial noncompact four dimensions, while κ We now use the low energy result for A D given in (2.8) and (2.9) and integrate over q 1 and p 1 . These integrations are identical to those in the previous section and one has
For low energies we use (4.6) with f = 4 to get
Plugging (5.5) into (5.4), and performing the p 1 integral as in the previous section and using κ 2 5 = 8πG 5 we finally get
Then the total energy emitted in an energy range k 0 , k 0 + dk 0 per unit time is obtained by multiplying (5.6) with k 0 and writing out the phase space factor [d
The Hawking temperature is T H = 1/β H = 2T R and as noted in [9] agrees with the temperature defined by the surface gravity at the horizon.
The classical cross section.
In this section we find the classical cross section for absorption of low energy scalar quanta into the extremal black hole having the charges of the D-brane model discussed in the previous section. The method of computing such low energy cross-sections for four dimensional holes was given in [16] , and a calculation for a slightly nonextremal hole in five dimensions has been recently carried out in [14] . We will carry out the calculation for the extremal hole, and observe that it agrees with the extremal limit of [14] , though the actual details of the calculation differ in the extremal case and in the slightly nonextremal case.
The extremal metric for the five dimensional RN black hole is given by
where
The massless minimally coupled scalar wavefunction is
where we restrict to spherically symmetric wavefunctions, since as shown in [16] , the higher angular momentum components are not absorbed in the limit of low frequencies. The wave equation reduces to
where ψ(r) = r 3/2 R(r) (6.5)
The idea of [16] is to solve this equation approximately in three regions, and match the solutions across the boundaries of the regions. It is assumed that it is adequate to keep only the lowest order terms in ω in each region; we will adopt this assumption here as well.
Outer region:
The outermost region is r >> Q 1/2
i . In this region we get
Defining ρ = ωr, the equation is
The solution may be written as
where the two independent solutions may be written in terms of Bessel functions
In the region ρ >> 1 we have
In terms of a shifted coordinate ρ
2 )] (6.12)
implying a reflection coefficient
This will give for the absorption probablility
We thus need to find α, β, from the requirement that only an inward moving wave exists at the horizon; we will compute these parameters below.
¿From the behavior of the Bessel functions at small argument we find that for ρ << 1, the solution to the wave equation is
Intermediate region
This region has r ∼ Q 
Near horizon region:
This region is r << Q where P = Q 1 Q 2 Q 3 and µ = 1/Q 1 + 1/Q 2 + 1/Q 3 . Define
Then the wave equation is
The two independent solutions are given by Coulomb functions [21] . Very close to the horizon, ρ → −∞ the two independent solutions are
The particular linear combination we have to pick is R(r) = G 0 (r) − iF 0 (r) (6.22) to get an ingoing wave at large negative ρ. At small |ρ| we get
(6.23)
Matching the solutions
Comparing (6.23) with (6.17) one gets
Matching the solution (6.15) with (6.17) and using (6.24) we get
We can now easily compute the absorption probability |A| 2 from (6.14),
This may be expressed in terms of the area of horizon A H = 2π 2 √ P as
The absorption cross section
We now calculate the absorption cross section of a plane wave incident on the hole.
Let us expand a plane wave as follows
Z 000 + other terms (6.28)
where we have kept only the radially inward momentum component and ignored modes that are not spherically symmetric. (As mentioned above, we expect that the higher angular momentum waves have an absorption coefficient that is suppressed at low energies.) The quantity Z 000 is normalized over a three sphere
Once K is known the absorption cross-section of the S-wave is given by
An efficient way of determining K is to integrate both sides of (6.28) over all angles with the standard measure of a three sphere. This projects out only the spherically symmetric part, thus the first term of the right hand side of (6.28). One gets 4 2π
Using the asymptotic form of the Bessel function J 1 (kr) and isolating the outgoing component one easily gets
Thus the absorption crosssection is
where we have used (6.27).
Thus we get a result similar to that in [16] , where it was found that for the 3+1 dimensional Schwarzschild hole the low energy cross section for scalars is the area of the horizon. Thus this cross sections differes by a factor of order unity from the geometrical cross section, which is the effective cross section expected for quanta with wavelength much smaller than the horizon size.
The 'inner region' that we used above had the form of an infinite throat with constant diameter, and the solution of the wave equation in this region was taken as (6.21) . But this solution assumes that the length of the throat L h is much larger than the wavelength ω −1 of the wave. While this condition is indeed satisfied by a throat of infinite length, one sees that if the hole is slightly nonextremal, then the horizon is encountered after a finite length of the throat, and the calculation must stop at this horizon. In fact in the calculation of [14] the hole was close to extremality, but the limit of ω → 0 was taken first, so that the length L h of the throat became much smaller than the wavelength ω −1 , and the nature of the wave equation and the boundary condition in the inner region became different from what we had above. Nevertheless, the cross section computed from this alternative set of limits agrees with what was computed above (where the limit of extremality is taken first, and ω → 0 is taken later).
Comparison of the D-brane and Classical result
According to the standard semiclassical derivation of Hawking radiation [22] the total luminosity of particles of a given bosonic species radiated from a given black hole in an energy interval (ω, ω + dω)
ωΓ ωi e β H ω − 1 (7.1) where i collectively denotes the various angular momentum quantum numbers and Γ i denotes the absorption probability of a wave with energy ω and angular quantum numbers i. As mentioned earlier, for scalars the dominant decay at low ω is into S-waves. In this case Γ ω = |A| 2 (ω) computed in the previous section.
Assuming S-wave dominance and using (6.27) in (7.1) we thus get for our case 
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